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Assuming a sufficiently low density of the trapped particles the methods of equilibrium statistical 
mechanics for non-interacting particles are used to find expectation values and distribution functions 
for the most interesting 1-particle observables. The results are applied in a perturbation calculation 
to estimate space charge effects at low particle densities. 

1. Introduction 

Penning t raps are very useful experimental devices 
wherever high precision measurements require spatial 
confinement of charged particles over prolonged 
periods of time. (For general reviews see [1] and [2].) 
Some experiments are done with single (or very few) 
particles, but usually one has to deal with a low den-
sity cloud of charged particles containing on the order 
of 102 to 104 particles. The analysis of a specific exper-
iment requires unders tanding not only of the individ-
ual particle orbi ts [3], but also of the collective proper-
ties of the particle cloud. O n e expects that over a 
period of t ime a state of equi l ibr ium is at tained, which 
can be studied using s t anda rd methods of statistical 
physics [4]. F o r a low density cloud it seems reason-
able to assume that the particles move mainly inde-
pendently of each other, except for occasional close 
encounters and the mutua l C o u l o m b repulsion of the 
particles. O n the one hand , by causing an exchange 
of energy, m o m e n t u m and angular m o m e n t u m be-
tween the particles, these interact ions are ins t rumental 
in establishing a thermal equil ibr ium in the particle 
cloud, on the other hand, they may be considered as 
only a negligible per tu rba t ion to the average particle 
mot ion, provided the t ime average of the interaction 
potentials is small compared to the average energy of 
a single charged particle. F o r particle densities which 
are low enough for these assumpt ions to hold, one 
may a t tempt a description of the particle cloud as an 
ideal gas of non-interact ing particles in thermal equi-
librium. F o r reasons of simplicity we assume an ideal 
Penning t r ap (no anha rmon ic per turbat ions) and the 
absence of a background of neutral particles. 
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At a first glance, the use of s tandard me thods of 
statistical physics seems to be precluded by the fact 
that the hamiltonian of a charged particle in a Penning 
t rap is unbounded f rom below due to the magne t ron 
motion. For the resolution of this difficulty it is impor-
tant to observe that aside f rom the hamil tonian there 
exists another quant i ty of the type of an angular mo-
m e n t u m * that is conserved by the single particle 
hamiltonian as well as by the two-particle interactions. 
Large ampli tudes of the magne t ron mot ion (i.e. large 
negative energies) require large values of this con-
served quanti ty, therefore the addi t ional conservat ion 
law stabilizes the magnet ron mot ion of the t rapped 
particles. A successful statistical approach must take 
proper account of this c ircumstance [5]. 

In the natura l gauge for the magnet ic vector poten-
tial the conserved quant i ty can be identified with the 
canonical angular momentum component correspond-
ing to the direction of the magnet ic field, so that this 
gauge provides a particularly convenient language. In 
the natural gauge it is thus justified to say that con-
servation of canonical angular m o m e n t u m is the dom-
inant factor in stabilizing the magne t ron mot ion . Fo r 
clarity let us emphasize that all probabil i ty distribu-
tions and expectation values of observable quanti t ies 
are actually gauge independent . 

2. Theoretical Framework 

We consider the t rapped particles as classical 
particles obeying Maxwell-Bol tzmann statistics and 

* In cylindrical coordinates the conserved quantity is 
mr2((p + ±coc), where coc is the cyclotron frequency. This 
quantity is conserved irrespective of our choice of gauge for 
the magnetic vector potential. 
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apply the me thod of the canonical ensemble. The par-
ticle number N is fixed, the tota l energy HN and the 
total canonical angular m o m e n t u m LN (more precisely 
the componen t in the direction of the magnet ic field) 
are treated as conserved quantit ies. The Af-particle 
phase space FA is parametr ized by coordinates 
XN = (X !, X2,..., XN), where Xk denotes a set of 6 
canonical coordinates (e.g. qk,pk) in the phase space rk 

of the k-th particle. First we construct a probabil i ty 
dis tr ibut ion gN on the Af-particle phase space with the 
proper ty that the entropy 

S=-kB j dXN • gN \n(h3NgN) 
rN 

(2.1) 

assumes its m a x i m u m value (k B and h denote Boltz-
mann ' s and Planck 's constant respectively). 

In addi t ion we have subsidiary condit ions for the 
probability density and the conserved quantities HN, LN: 

1 = J d X N g N , 
rN 

(Hn> = f d X N gN HN = E, (2.2) 
fN 

<L"> = J d X n q n L n = L , 
PN 

where E and L are the expectat ion values of the total 
energy HN and the total canonical angular m o m e n t u m 
LA of the particle cloud. Fol lowing s tandard prescrip-
tions of statistical physics (see Chap t . 9 in [4]) this is 
achieved by solving the variat ional problem 

0 = J dXN • ö[tx0gN + ßgN{HN + a L L N ) 
fN 
-kBgN\n(h3Ng% (2.3) 

where the constants oc0, ß, ßccL are Lagrange multi-
pliers. The resulting condition 

a0 ~kB + ß(HN+ a L LN) - kß \n(h3N gN) = 0 (2.4) 

is solved for gN and yields the probability density 

gN(XN) = (h3NZNRL e x p ( - ß [ H N + OClLN]) (2.5) 

and the parti t ion sum 

ZN = h~3N J dXN exp(-ß[HN+xLLN]). (2.6) 
rN 

When (2.4) is then multiplied by gN and integrated over 
rN, comparison with the thermodynamic relation 
defining the free energy F =U — S • T leads to the iden-
tification 

ß = 
1 

kaT 
(2.7) 

and to the definitions of the free energy F 

F = —kßT In ZN 

and the inner energy U 

U = E + XL • L = - — l n Z N 

(2.8) 

(2.9) 

It remains to determine the pa rame te r a L . To this end 
the part i t ion sum is explicitly evaluated, assuming 
that the particles have no mutua l interaction (ideal gas 
approximat ion) and that the tota l hamil tonian and 
angular m o m e n t u m are the sums of the corresponding 
1-particle quanti t ies 

N N 
TN{VN\_ U(V \ TN/VN\ HN(XN)= Z H(Xk), L T ) = E W (2-10) 

k = 1 fc = 1 

Using a reference f rame rota t ing with angular velocity 
Q a round the direction of the magnet ic field (z-direc-
tion) and introducing cylindrical coordinates r, <p, z and 
their canonically conjugate m o m e n t a pr, p(f) = L,p,, 
the single particle hamil tonian can be written in the 
form [3] 

H{X; Q) = — + 
2 m 

PJ | PZ | M 

2 mr2 2 m 2 

2 -2 
m 

+ — COiz 
2 

a>r 
(2.11) 

Here cot. = qB/{mc) denotes the cyclotron frequency, 
o)z the axial frequency, and co1 is defined by 
tOj =(co2— 2coz)112. 

The part i t ion sum Z N can now be explicitly calcu-
lated as Z N = (Z)v , where Z is the 1-particle par t i t ion 
sum 

Z = / i " 3 \dX • exp{-ß[H{X)+otLL(X)]). (2.12) 
r 

Inserting (2.11) and L(X) = pv and performing the inte-
grat ions over r, q>, z, pr, and pz one obtains 

Z=(ß2hiozha)1) (2.13) 

) 

A necessary and sufficient condi t ion for the conver-
gence of this integral is (co1/2) > | a L — (cac/2) — Q \. Re-
placing y.L by a new parameter / , this condit ion can be 
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expressed as | A | < 1 with 

= oc, — Q L
 2 

(2.14) 

The integration in (2.13) can now be completed and 
yields ( 2 1 5 ) 

ZN(ß,A) = [Z(ß,A)]N = ß*hcoz[h^-) ( l - ; . 2 ) 

This result gives us immediate access to thermody-
namic funct ions and expectat ion values tha t are of 
interest to us. 

Free energy: 

1 

(2.16) 

F = — — In ZN = N kBT In 

Inner energy: 

6 3 N 
U = ~ — In Z N = = 3 NkBT. 

dß N ß B 

ß>ha>,[h-±) ( I - / 2 ) 

Ent ropy: 

S=^(U-F)=NkB(3-\n 

(2.17) 

(2.18) 

ß3hc»A*Y (1 

Expectat ion value of the canonical angular momen-
tum (cf. (2.2)): ( 2 j 

N kBT 2A 
l — (LNy = 

ß(Ox dA l n Z N (COJ2) 1-a2' 

Expectat ion value of the total energy (cf. (2.2), (2.9), 
(2.14)): 

E = <//N> = U — (X
L
L 

2 A 
= NknT 3 + 

coc + /.co1 + 2 Q 

1 CO, 
(2.20) 

Note that the inner energy depends only on the tem-
perature as one would expect for an ideal gas. Once 
the tempera ture is known the state variable A is fixed 
by the expectat ion value of the canonical angular 
momen tum. The total energy E coincides with the 
inner energy U (i.e. the energy of disordered thermal 
motion) only for a special choice of the angular veloc-
ity ß of the reference frame, according to (2.14) a L = 0 
implies Q= — ̂ (coc + Aco^. Thus the equality E=U 
can be satisfied only if the angular velocity Q of the 
reference f rame is in the interval — oo+< Q < — co_, 
where co+ and co_ denote the modified cyclotron fre-

quency and the magne t ron frequency, respectively. In 
particular, in the labora tory f rame the relation E = U 
can never be satisfied. (For a general discussion of the 
role of canonical angular m o m e n t u m in statistical 
physics see [6], especially § 10 and § 34.) 

3. Single Particle Distribution Functions 
and Expectation Values 

Once the AT-particle probabil i ty dis tr ibut ion gN has 
been found, and the relation between the state vari-
ables ß and A and the expectation values of the total 
energy and total canonical angular m o m e n t u m have 
been determined, it is an easy mat te r to evaluate all 
1-particle distribution funct ions and expectat ion val-
ues that are of interest to us. After selecting one part i-
cle and integrating over the coordinates and m o m e n t a 
of the remaining ones, the 1-particle probabil i ty distri-
but ion is obtained as 

Q(X) = ß 3 h c o z [ h ( 1 - A 2 ) (3.1) 

/z~3 exp( — ß (a>_ co, \ 

O n comparison with (2.11) one recognizes that ßfX") is 
actually independent of Q. By integrat ing over any five 
of the variables r, cp, z, pr, p^, pz we obta in a distr ibu-
tion over the remaining variable. F o r example 

e(pr) = 

8(Pz) — 

Q (P<p)= 

ß • exp | ' ß 
2nm 

• exp | 
v 2m 

ß • exp ( < ß 
2nm 

• exp ( 
v 2m 

Pr 

Pz,, 

(3.2) 

(3-3) 

Ißco^l-A2) e x p ( — ß ( l +A) ~ p^j for p (?)>0, 

ißco^l-A2) e x p ( - 0 ( 1 —A) p^j for P(p<0, 

Q(r) = ßm(l-A2)(^ 

g(z) = 

CO, 
• r exp ± ß m(l - A2) 

ßm , , , 
coz • e x p ( — j ß m c o z z2). 

(3.5) 

(3-6) 
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These distr ibutions imply the following expectation 
values: 

Pi 
2m 

<r2> = 

<P„> = -

Pi 
2 m i 

2 kBT 

m(l — A2) 

kBT 

m 

T a 

2 

2a 

— i k T 
— 2 k B 1 > 

K / 2 ) 1 - A : 

(3.7) 

(3.8) 

(3.9) 

Fur the r results can be derived by using other sets 
of canonical coordinates. If one remembers that the 
Jacobian of a canonical t ransformat ion equals unity, 
then the t ransformat ion of the integrals is trivial and 
requires only a rewriting of H(X) + OCLL(X). A partic-
ularly useful set of coordinates are the action-angle 
variables. As shown in [3], the hamil tonian then takes 
the form 

H=(co++Q) J+ + (co_+Q) J . + (oz Jz (3.10) 

with 0 ^ J+ < oo, 0 ^ J , < oo, and — oo < J_ ^ 0. The 
1-particle probabil i ty density becomes after integra-
tion over the angles 

, 2 

Q(J+,J_,Jz) = ß3OJz(^) (1 -A2) 

CO, CO, 
(1 - / ) J+ - (1 + A) J_ + COzJz •exp \ - ß 

After two further integrat ions one obtains 

g(J+) = ß(\-A) • • exp(-ß(\ —X) • Y ' J+)' 

Q(J-) = ß(l+ty • e x p ^ — ß ( l 4-A) 1 (3.13) 

g(J
z
) = ßco_ • e x p ( — ßa>

z
 J , (3.14) 

2 kaT 
< R l > = ( 7 + ) = 

m co. 

<R2-> = -mat. <J-> = 

m ( l - x ) 

kaT 

co 

<Z 2 > = 
mco. 0:> = 

m(\ + A) 

2knT 

A x 2 

co1 

(3.15) 

(3.16) 

(3.17) 

The average energies per particle residing in the modi-
fied cyclotron, magne t ron and axial mot ions are 

E+ = (co+ + ß ) < J + > = 
/C rT co, + Q 

E_ = (co_ + ß ) <J_> = -

1 - A K / 2 ) ' 

kBT co_ + Q 

i + ; . ( c o ^ ) 

E. = co. < J . ) = kRT. 

(3.18) 

,(3.19) 

(3.20) 

(3.11) 

Physically the action variables represent the squares 
of the ampli tudes R+, Z of the modified cyclotron 
mot ion, the magne t ron mot ion and the axial motion, 
respectively [3]. The expectat ion values of these quan-
tities are therefore of great interest. 

2 

The values for the l abora to ry f rame are obta ined with 
ß = 0. Note that the magne t ron energy can not be 
positive, unless Q is nonvanishing and in the range 
— oo < ß < — c o _ . Equipar t i t ion of the energy to the 
three oscillator modes holds in the special ro ta t ing 
reference frame where Q = — |(coc + /lco1). In this par-
ticular f rame E+ =£_=£, = | F = | U. In the labora-
tory frame, on the o ther hand, energy is always un-
equally distributed between the three modes with 
most of the energy residing in the cyclotron mode. 

As a final remark we compute the expectation values 
for the kinetic energy £ k i n and the kinetic angular 
momen tum A in the labora tory frame. Using 

" i - i -> -> 
EKIN = - ( X 2 + Y2+Z2) 

= Hq=0 — — co2(z2 — j ( x 2 + y2)), (3.21) 

A = L — M (x2 + y 2 ) , 

and (2.20), (3.7), and (3.8) we find 

/ 1 (C0c + /.CO,)2 

^ k i n ) = ' ( — "I 2 r^— 

<A> = -

2 co2( 1 - / / 

kaT ( 2 

(3.22) 

(3.23) 

1 — A \ 0 ) l 
K + x c O i ) , (3.24) 

According to (3.7) a measurement of <r2> and <z2> by 
Doppler spectroscopy on t rapped ions can serve as 
experimental de terminat ion of the tempera ture T. 

4. Application to an Est imate of Space Charge Effects 

The space charge dis tr ibut ion represented by a 
cloud of t rapped charged particles causes shifts of the 
characteristic frequencies co+, co_, coz, and the origi-
nally sharp values of these frequencies become smeared 
into distributions of finite width. It is a problem of 



M. Kretzschmar • Ideal Gas Approximation for an Ion Cloud in a Penning Trap 983 

considerable practical impor tance to obta in estimates 
of these effects. The rmodynamic per tu rba t ion theory, 
§ 32 in [6], is expected to yield reasonable results in 
physical situations where the number of t rapped par-
ticles is sufficiently low, so that the energy of the mu-
tual Cou lomb repulsion represents only a small cor-
rection to the total energy of the particle cloud. 

(4.1) 

<$NkRT 3 + 
2 A (L>c + A CO ! 

1 - A ' CO, 

Each single particle feels on the average a per turbing 
potential 0<P(x) due to the other N — 1 particles: 

0<P(x) = \ ( N - \ ) dxt 
q2Q(x i) 

(4.2) 

where ^( jcJ is the probabil i ty dis tr ibut ion (3.1) written 
in cartesian coordinates. Since the t rapped particles 
move mainly near the center of the t r ap (origin of 
coordinates) one may try to approx imate ö<P by a 
power series in r2 = x2 + y2 and z 2 including terms up 
to fourth power in the coordinates : 

0<P (x) = S<PW + ö&2) (x) + d<P(A) (jc) + . . . . (4.3) 

This is easily accomplished by expansion of the de-
nomina tor in terms of spherical harmonics and sub-
sequent integration. 

In order to state the result in a t ransparen t and 
convenient fashion we int roduce the following abbre-
viations (assuming co2 < (1 — X2)(coJ2)2): ^ ^ 

0<P0=UN-\)q2coz \(N-1) 
l/2n(z2) 

u = 1 -
co; 

(1 -A2)(COJ2)2 

- 1 / 2 

(4.5) 

(4.6) 

The first quanti ty 0<P0 essentially describes the order 
of magni tude of the per turbing potent ial energy, the 
second quanti ty defines a characterist ic length scale 
a ~ 1 = ] /< r 2 > . The third parameter u measures the 
"sphericity" of the charge distr ibution, we have 
1 < u < oo for prolate charge dis tr ibut ions with the 
limiting cases u = oo for spherical and u = 1 for cylin-
drical charge distributions. 

Fur thermore , for k = 0 ,1 , 2 , . . . a sequence of real 
funct ions /k(x) is defined by 

/*(*)= I 
1 1 

„ = <, (« + !)(« + ! ) . . . (n + fc + i ) x2 

= Z 
r(n + \) 1 

n = o r(n + k + f ) x2 

obeying the recursion relation 

k-lk(x) = (l-x2)-lk„1(x) + 
2k x2 

1 • 3 ...(2k —\) 

(4.7) 

(4.8) 

These functions can also be written in a closed form. 
F o r the first three functions it reads 

/0(x) = x • In 
x + 1 

(4.9) 
x — 1 

lt(x) = (1 - X 2 ) • /0(x) + 2 x 2 , (4.10) 

/2(x) = i ( l - x 2 ) 2 • /0(x) + x 2 ( l - x 2 ) + | x 2 . (4.11) 

F r o m the series expansion and f rom the closed form 
one easily obta ins the limiting values / 0 ( l ) = o o , 
/0(oo) = 2, / t ( l ) = 2, Z 1 (« ) = / 2( 1 ) = | , /2(oo) = i -

T h e series expansion (4.3) can now be explicitly 
s ta ted as follows: 

ö&0) = 0<P0 • /0(u), 

Ö<P(2) = 0<P0 • a2 [z2 (ly (u) — 2) -\ r 2 / ,(«)], 

ö&v = 0<P„ • a 4 1 
z 4 / 2 ( " ) - T -

3 u2 

(4.12) 

(4.13) 

(4.14) 

- 3 z 2 r 2 ( / 2 ( M ) - ^ + | r 4 l2(u) 

This result is immediately accessible to physical inter-
preta t ion. The constant term 0<P{0) represents the 
potent ia l energy due to C o u l o m b repulsion for a test 
part icle located exactly at the center of the t rap. It is 
obvious that this energy must be an upper limit for 
<5<£(:t). In conjunct ion with (4.1) we thus obta in an 
es t imate for the particle numbers N for which our 
per tu rba t ion app roach is expected to yield reliable 
results: 

N < 
2n(kBT) 

mc2(hcoz )2 3 + 
2 X (coc A co j) 

(1 —X2) COj 

u + 1 q~ u 

he 2 u 
(4.15) 
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This inequality should be interpreted in the sense that 
N ought to be smaller than the right hand side by 
several orders of magnitude. 

The quadra t ic term 0<P{2) can be combined with the 
single particle hamil tonian H of (2.11) and then leads 
to a redefinition of the characteristic frequencies, as 
has been discussed in detail in [7]: 

co (2) 
= C 0 Z ] / I + P , (D[2) = ^ C O 2 - 2 ( O 2 X , 

co(2) = U(Oc ± co(2)) 

with 

2 a 2 la2 

/̂  = < 5 < V : r ^ - - ( M " ) - 2 ) , X = B o -rneo; mar 

(4.16) 

M " ) . 

(4.17) 

In most experiments one works with t rap parameters 
such that coz<^col. Then u % 1 and /1 (u) % 2, so that the 
correction to the axial frequency co. is expected to be 
very small. The corrections to the modified cyclotron 
and magne t ron frequencies <5co+' = co +' — co(+' are 
given by (with o)1 = o)f), coz = co(

z
0)) 

ö(of = ±\öco[2) = ±(co[2)- co<( 

_ ( N - l J / J t t ) 

(Oh — «Z 
+ - — X 

2co, 

]/2n mco^r2} j/<7> 

+ 
co 

8 | / 2 i t 

(4.18) 

mc 

M 7 

This result is in qualitative agreement with the esti-
mates by other au thors [1, 8]. 

Finally the influence of the 4th order term <5<2>(4) can 
be discussed using the per turbat ion theory developed 
in [7], To this end z4 , z 2 r 2 , r 4 have to be replaced by 
their time average over the single particle orbits z4, 
z2r2, r 5 in order to obtain 0<PW as a funct ion of the 
action variables J+, J_, J.. Using (4.12) and (4.13) of [7] 
we find 

To 4th order the characteristic frequencies of a single 
particle orbit are obtained f rom (3.40) of [7] as follows: 

co<4) = co(2) + 0<P0 • 3 a4 
2 W 2 ( " ) - § ) m a>zcol 

raz cof 

co(4) = co(2) + ö(P0 • 3 a4 + 7 2 ( / 2 ( « ) -

>«4) = co<,2)+cS<V 3 a4 

m co.coj 

H (J- — 27+) l2(u) m co. 

1 1 

M OJ: 

2 / 2 
— ( J + - J _ ) / 2 ( u ) - -
m co.coj \ 3 

It is impor tan t to note that these expressions depend 
on the action variables J+, J_, J,. Considering the 
whole particle cloud, the values of the action variables 
are distributed according to the thermal distributions 
of (3.12)—(3.14) with thermal averages as given by 
(3.15)—(3.17). This circumstance implies that in 4th 
order per turba t ion theory we do not obtain sharp 
values for the characteristic frequencies, but a distri-
but ion reflecting the thermal distr ibution of the action 
variables. 

A compar ison of the thermal averages of the 4th 
order corrections with the 2nd order terms reveals 
tha t the power series expansion of (4.3) is not yet very 
accurate for the range of arguments needed. However, 
because of the al ternat ing character of the series we 
can be confident that our per turba t ion result approx-
imates the true shifts of the characteristic frequencies 
within a factor of abou t 2. O n the other hand, the line 
shape evaluated f rom the 4th order terms is probably 
only qualitatively correct and will be modified when 
fur ther terms of the power series expansion are taken 
in to account. 

3 Jl 

2m2a)2 ' 
5. Concluding Remarks 

2JJJ, 

m" co. co j 

4 

(4.19) 

2 2 m co i 
(Jt + J f - 4 J + J_ 

We have considered a small number of charged 
particles confined in a Penning trap, forming a low 
density particle cloud. Fo r reasons of simplicity we 
have assumed the absence of a neutral particle back-
ground and of anha rmon ic per turbat ions of the trap. 
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The particle orbits are then essentially those of single 
particles in an ideal t rap. Taking conservation of 
canonical angular momentum properly into account, 
the particle cloud has been described as a thermal 
equilibrium state characterized by a temperature T and 
an angular m o m e n t u m parameter A. Distr ibution 
funct ions and expectat ion values for the most interest-
ing 1-particle observables have been obtained for ref-
erence frames rotat ing with arbi t rary angular velocity 
Q. It is interesting to see that equipart i t ion of the 
energy between the modified cyclotron mode, the 
magne t ron mode and the axial mode holds only in one 
special ro ta t ing reference frame. The average energy in 

the magnet ron m o d e is negative for Q > — co_, espe-
cially for Q = 0 ( laboratory frame). The results have 
been used in a perturbat ion calculation to estimate fre-
quency shifts due to space charge effects. It is found 
that these effects are ra ther impor tan t . The calculation 
leads to an upper limit of the particle numbers for 
which the whole approach may be expected to be 
valid. A semiquanti tat ive unders tanding (valid per-
haps within a factor of 2) of the frequency shifts and 
a qualitative unders tanding of the line shape are ob-
tained in the lowest order approximat ion . An im-
provement of these estimates seems in principle possi-
ble with increasing mathemat ica l efforts. 
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